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Competition between two distinct driving frequencies to phase synchronize the intensity dynamics of a
chaotic laser has been observed. The phase of the chaotic intensity signal is constructed using the complex
analytic signal. Competing frequencies alternately show phase locking and phase slipping. Competition has
been quantified by calculating the portion of time the laser phase locks to each of the driving frequencies and
their average.
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A chaotic system often responds in a complicated way to The gainl” and biasB of the feedback loop can be used to
external driving signals. One such response is phase synchrselect among a variety of laser dynanitg]. We tunel” and
nization, where the amplitudes of response and drive may bB to a region where the intensity displays chaotic spiking
poorly correlated, but a relationship becomes evident if suitwith both irregular spike heights and irregular interspike in-
able phases are defingt-3]. tervals.

Phase synchronization of a chaotic system to a single ex- The feedback loop also includes a differential ampilifier,
ternal periodic drivg1,2,4,9 as well as to another chaotic with bandwidth =100 kHz. The output of an arbitrary
system[3,6,7] has been observed in numerical models andunction generato40 M samples/s, 12 bits output resolu-
laser experiments. Phase synchronization of chaos is ald®on) can be added to the feedback signal through this ampli-
known to be important in many biophysical phenomena, infier.
cluding brain function 8], kidney function[9], and cardio- Measurements of the photodiode signal are made with a
respiratory synchronizatiofi0Q]. digital oscilloscope with 14 bits of precision. We choose to

In a recent papdrll], Breban and Ott addressed the natu-perform measurements & M samples/s to allow for a well-
ral question of how phase synchronization manifests itselfesolved construction of the Hilbert phase.
when a chaotically behaving system is driven by two regular Figure 2a) shows a sample of the chaotic intensity dy-
signals of different periods. The phenomena they found inhamics of the laser with feedback but in the absence of
clude synchronization to one or the other of the driving fre-modulation. Among the many options, we turn to the analytic
quencies, synchronization to the average frequency, angignal to construct a phase for the irregular oscillatiBis
competition(alternating locking and slippindetween these.  For any real time serieé(")(t), such as the laser intensity,

In this paper, we report investigations of phase synchrowe can compute the corresponding analytic Sigh&t)
nization in a chaotic laser driven by two sinusoidal signals.=V®(t)+ivi(t), where VO=z"1pf* vO(t")(t’

We think of this laser as a generic, low-dimensional chaotic
system. We observe and quantify competition between the

two frequencies and their average for synchronization of the - D"m“,t, II::;P“‘“

laser. Our results give experimental realizations of the phe- Crysal .*ﬂl C{-E‘i romete

nomena predicted in Reff11]. o = - I )&
: : PR— ]

Our system is the laser with feedback shown in Fig. 1. Ll ey Potodiods
The laser consists of a diode laser pump source, a Dpumpﬁm
neodymium-doped yttrium aluminum garrétd: YAG) laser <1—~
crystal, an intracavity acousto-optic modulat&%OM), and =) 7 B.B
an output coupler. The laser intensity is detected by a photo- - (0 Cﬁml
diode and the photodiode voltage is applied through a feed- Differential
back loop to the AOM. The laser operates intansverse ;J:-.pmhi:rm B |
electromagnetic TEMy, Gaussian transverse mode but is Arbitrary
free to lase in multiple longitudinal modes. Function  Drigital

The AOM modulates the cavity loss around its median I

valuek,. The cavity loss induced by the modulator is pro-  FiG. 1. Experimental setup of a diode-pumped Nd:YAG laser
portional to sif(7mV/Vied, WhereV is the voltage applied to with an intracavity AOM. The solid line connecting the detector to
the modulation input of the AOM driver and,,,,4=0.5 Vis  the AOM indicates the feedback loop generating the chaotic dynam-
the saturation voltage of the driver. The laser is pumped at &s. A signals(t) from the arbitrary function generator may be
ratio of pump power to laser threshold f1.9. added to the voltage in the feedback loop.
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time (ms) FIG. 3. A¢ from the experimental system for four values of a
© T single driving frequency. The AOM is driven with an amplitude of
50 mV. In the four curves, we can see long plateaus of synchroni-
zation as well as large phase slips. Cufyd =50.0 kHz, CurveB;
f=60.0 kHz, CurveC; f=67.8 kHz, CurveD; f=74.9 kHz.

the intensity dynamics consists of regular spikes fully en-
trained to the driving frequency.
We consider the constructed phagg(t) of the chaotic
laser intensity signal as unboundébt taken modulo )
FIG. 2. (@) Time series recorded from the laser with feedbackand defineA ¢ for the chaotic signal with respect to a given
but no modulation(b) The reconstructed phase of the signal from frequencyf as
(a), modulo 2. (c) Power spectrum of the laser. The spectrum is

0 50 100 150 200
Frequency (kHz)

broad and its highest peak is at64 kHz. We can also perceive Ap(t)= py—2wft. (8]
what appear to be 1:2 and 1:3 subharmonic peaks at 32 kHz and 21
kHz, respectively. In Fig. 3, we display the phase differense) between the

sinusoidal modulation and the chaotic signal for four values
of the driving frequencyf. Whenf is below the laser relax-
. o . . ation oscillation frequency,.,, phase slips occur predomi-
taking itze([)prlnmpal valqe of the mtegral. W““”g(t) nantly with the phzfse ofy;rheé Igser advgncing m(F))re quickly
=A()e' ", whereA(t) is a real funct(lrc))n, we obtain the yhan that of the drivingslanted segments @ ¢ with posi-
Hilbert phase¢y(t) of the real signaV™(t). This phase (e mean slope Whenf is abovef,,, phase slips tend to
describes changes in the field envelope and can be evaluatgglyr in the other direction. Nearly horizontal segments of
from experimental time series using the fast Fourier transA¢ represent times during which the laser has become phase
form [13]. synchronized to the sinusoidal modulation. With similar am-
Figure 2b) shows the Hilbert phase constructed from thepjitudes, driving frequencies closer tq, tend to entrain the
signal shown in Fig. @). The constructed phasgy, corre-  |aser phase for longer periods of time than frequencies fur-
sponds in a sensible manner with the recorded dynamics afer fromf .
the laser intensity. The phases of the chaotic signals in all four curves syn-
The power spectrum of the laser in the same conditions ishronize to the perturbation for intervals as long as several
displayed in Fig. &). The main peak in the power spectrum tenths of a millisecond, or many times the characteristic pe-
(=64 kHz) is close to the relaxation oscillation frequencyriod of the laser relaxation oscillations. During these inter-
f.e Of the laser dynamics. vals of synchronizationA ¢ wiggles irregularly due to the
Beyond the range of frequency displayed, the power specsarying shape of the intensity oscillations but remains within
trum of the recorded laser intensity signal decays exponerg range of width 2r.
tially with respect to frequency down to the 14 bit resolution ~ When we introduce driving composed of sinusoids at two
of the digital oscilloscope. frequencies, we are able to observe competition for synchro-
We now add a single-frequency sinusoidal perturbatiomization between each of the frequenciés,f,) and their
onto the voltage feedback signal. For sufficient amplitudeaverage {,,).
and for choices of close to the relaxation oscillation fre- For periods of time containing tens or hundreds of oscil-
guency, the phase of the chaotic signal typically synchroiations of intensity, the laser can phase synchronize to one
nizes intermittently to the perturbation. The laser intensityfrequency, sayf;. During this time, the line representing
remains chaotic unless the perturbation becomes large comx¢; = ¢ — 27 f;t will look flat if one ignores fluctuations of
pared to the feedback signa@0 mV peak to peakwhere  magnitude less than72 At the same time, the lines repre-

—t)~idt’ is the Hilbert transform of/(")(t) and P denotes
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FIG. 5. A¢, vs A¢, for three experimental time series with

different driving. Phase synchronization f@ appears as vertical
trails, synchronization td, appears as horizontal trails. Cunge
the same 13 ms time series as in Fig. 4. The inset shows that during
the long time apparently synchronized ftg the phase is often in
fact synchronized td,, or f,. CurveB; a 13 ms time series with
f,=59.0 kHz, f,=57.5 kHz. Synchronization to the average can
be seen when ¢, increases whilé\ ¢», decreases, as in the inset.
CurveC; a 6.5 ms time series where both frequencies are greater
senting the phase differences between the chaotic laser intethan the relaxation oscillation frequency of the lasdr,
sity signal and the other two frequencies will slant down or=67.9 kHz, f,=66.0 kHz.
up, depending upon whether each frequency is greater or
lesser than the frequency that is successfully entraining théling the laser relaxation oscillation frequency,,
chaotic dynamics. (=64 kHz). In curveB, climbing from bottom to top, syn-
Figure 4 shows a plot of the phase differencesffarf,,  chronization to the average is most prevalent and seems to
andf,, in an experimental run with two-frequency modula- occur repeatedly for short stretches whaig, andA ¢, also
tion. The two driving frequencies in this case are slightlyvary by less than #. These stretches of synchronization to
lower than the relaxation oscillation frequency, and the amf,, appear as short sequences with an average slope of
plitude of the perturbation is chosen so that entrainment is-1, as in the inset. In curv€, the driving frequencies are
observed while chaos is preserved. Each inset enlarges a segjeater tharf,;, also in this case, the net slip in phase is
ment during which the phase of the laser signal is entraineteast. In all the three cases, the net chaotic phase slip is least
dominantly to one off,, f,, or f,,. Surprisingly, the laser with respect to the driving frequency closestftg,, even if
predominantly slips back and forth between synchronizatiorihe chaotic phase locks more often to the other frequency or
to f, andf,,, even thougtf is closer tof ¢, see Fig. 5.  fg,. The portion of time that the intensity signal stays phase
Following Ref.[11], we plotA ¢, vs A ¢, from the data locked for all two-frequency data are displayed in Table I.
in Fig. 4 as curveA in Fig. 5. The staircaselike structure we  One might also try to detect phase synchronization by
observe shows thah ¢, is typically locked (within 27r) examining the spectrogram. However, discerning synchroni-
while A ¢, slips (vertical segmenis and A ¢, is typically ~ zation over short times requires a small time window for the
locked while A¢; slips (horizontal segmen}s Line seg- calculation of the spectrum, while achieving high resolution
ments with slope close te- 1 indicate that the phase of the in frequency requires a longer time window. Therefore, it is
chaotic signal is slipping with respect to both of the driving difficult to observe competition between two frequencies
frequencies. A, and f, are unequal, the slope cannot be With a spectrogram when the durations of synchronization
exactly + 1. may be short and the frequencies of interest may be close
We create a piecewise linear simplification of eacth  together.
curve by inspection. The simplification is composed of line
segments of zero slope with slanted segments connectinAq
them. The total length of line segment of slope zero within a

particular A ¢; curve is counted as synchronization tp. "
The portion of time the laser spends phase synchronized guve fikHp fp(kHz) tof, tof, tofs, Slipping

FIG. 4. A¢ for the experiment with two driving frequencies
f1=62.5 kHz andf,=59.0 kHz, both with an amplitude of 50 mV.
The top curve representse¢,, which tends to increase with time,
the bottom curve represents¢,, which tends to decrease with
time, and the middle curve represenig,, . The inset boxes dis-
play enlarged sections of the thrAeb curves, each over a time of
0.5 ms.

TABLE I. The portion of time each of the three plots &), vs
¢, displayed in Fig. 5 phase locks to onefaf, f,, andf,, .

each frequency has been calculated this way and entered m 62.5 59.0 0.06 0.34 0.21 0.39
Table 1. B 59.0 57.5 0.01 0.08 0.68 0.22
CurvesB and C in Fig. 5 show similar behaviors, typi- ¢ 67.9 66.0 0.12 031 027 0.30

cally seen for driving at frequencies above, below, or strad
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We have also tried to detect phase synchronization bype an experimental observation of a very general phenom-
examining a three-dimensional time-delay embedding of thenon for nonlinear systems driven by more than one fre-
attractor. However, we discover that trajectories within thequency.
attractors corresponding to synchronizatiorf{o f, , or f,
are visually |nd|st|ngg|shable from each other. Thus it is nqt ACKNOWLEDGMENTS
clear how to determine to which frequency the dynamics is
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